In the paper a new analytic approach to the solution of the effective single-site problem in the dynamical mean field theory is developed. The approach is based on the method of the Kadanoff-Baym generating functional in the form developed by Izyumov et al. It makes it possible to obtain a closed equation in functional derivatives for the irreducible part of the single-site particle Green's function; the solution is constructed iteratively. As an application of the proposed approach the asymmetric Hubbard model (AHM) is considered. The inverse irreducible part Ξ −1 σ of the single-site Green's function is constructed in the linear approximation with respect to the coherent potential Jσ. Basing on the obtained result, the Green's function of itinerant particles in the Falicov-Kimball limit of AHM is considered, and the decoupling schemes in the equations of motion approach (GH3 approximation, decoupling by Jeschke and Kotliar) are analysed.
Introduction
The lattice models with Hubbard correlations are used in investigating strongly-correlated materials. The one-band Hubbard model [1, 2] and the spinless Falicov-Kimball model [3] can be considered as the simplest models of this kind. In the present paper those models are combined into the asymmetric Hubbard model describing a system with two sorts of mobile particles (electrons, ions, . . . ) with different hopping integrals and different values of chemical potentials. Thus, the model can be considered in investigating mixed-valence compounds [4] or ionic conductors. The model Hamiltonian has the following form:
Here, the electron transfer is described using fermionic creation and annihilation operators (a † iσ , a jσ ) and hopping parameters t σ ij . The single site part H i contains the Coulomb repulsion U (n iσ = a † iσ a iσ ) and chemical potentials µ σ . If the model is used for describing two sorts of fermionic quasiparticles the electron spin indices are replaced by sort indices σ = A, B. The hopping integrals and chemical potentials in asymmetric Hubbard model are dependent on particle sort:
However, even such a relatively simple model cannot be solved exactly and various simplifications are required in investigating the problem. As for now, only some specific cases were considered. Thus, in the ground state of the model, a possibility of a phase separation phenomenon was analyzed in [5] . In the case of large on-site repulsion U , it is possible to use the effective anisotropic Heisenberg model with antiferromagnetic interaction [4, 6, 7] . Also, some thermodynamic properties of the model were investigated in the case of one-dimensional space [7, 8] . In infinite dimensions, the spectral functions (densities of states) in the asymmetric Hubbard model were investigated using approximations in the equation of motion approach for Green's functions [9, 10] .
In this paper we consider the model within the dynamical mean field theory (DMFT) that is exact in the limit of infinite dimension. In this case the lattice model is reduced to the singlesite problem where the self energy Σ(k) is independent of the wave vector k [11] . The single-site problem can be formulated constructing the effective Hamiltonian:
where H 0 = iĤ i . A solution of the single-site problem is supplemented by the solution of the Larkin equation (4) and the relation following from the equality of the lattice Green's function and the single-site Green's function:
where ρ 0 σ (t) is unperturbed particle density of states. Let us note that for solving the single-site problem (3), it can be reformulated in terms of the single impurity Anderson model [12] or using the auxiliary Fermi-field describing the effective external bath as it was done in [9, 10, 13, 14] .
The task of the single-site problem is to find the functional relation between the single-site Green's function G σ and the coherent potential J σ . A number of numerical methods has been developed for this purpose (for example, the quantum Monte-Carlo [15] [16] [17] , the exact diagonalization [18, 19] , and the numerical renormalization group [20] ). However, with the recent development of the ab initio methods for calculating electronic structure of real materials combining the density functional theory with the dynamical mean field theory (see reviews [21, 22] ), new fast methods for solving the single-site problem are required. The analytic approximations for the Green's function (self-energy) in terms of the coherent potential can be used as such fast methods [13, [23] [24] [25] [26] [27] . Among them there are methods based on decoupling of Green's functions in the equation of motion approach [13, 23] and methods based on perturbation theory expansion (for example, iterated perturbation theory [12, 28] ). As shown in [13] , the different-time decoupling approach includes the modified alloy-analogy approximation [29] and the Hubbard-III approximation [30] as particular cases.
In this paper, to systematize and consider a possibility of improving analytic methods we develop the generating functional approach as solver for the single-site problem. This method is based on the Kadanoff and Baym functional scheme [31] in the form elaborated by Izyumov and Chaschin for the lattice models with strong correlations (for example, Hubbard model and Heisenberg model) [32] [33] [34] [35] . The approach allows one to obtain a closed equation in functional derivatives for irreducible part of the Green's function. Solutions of the equation are constructed iteratively in a form of expansion around the atomic limit (in powers of hopping t ij or J σ )
Exemplified by the asymmetric Hubbard model, it is shown that the problem can be formulated as the equation for the Larkin irreducible part Ξ(ω) or the equation for the self-energy and terminal part of the Green's function. This technique allows one to construct an analytic expression for the irreducible part with arbitrary precision in powers of hopping (coherent potential). The first iteration leads after some simplification to the so-called generalized Hubbard-III (GH3) approximation that was recently proposed using different-time decoupling of irreducible Green's functions in the equations of motion approach [9, 14] . In the same way, there is established a relation with the decoupling scheme of Green's functions of higher order used by Jeschke and Kotliar [23] for the Hubbard model at U → ∞ (JK decoupling). The generating functional approach enables us to improve these approximations constructing successive iterations for the irreducible part.
Effective single-site problem and generating functional approach
Let us consider the effective single-site problem (3) using the procedure proposed in [13] where the problem was reformulated in terms of the auxiliary Fermi-field. In this case, the Hamiltonian H eff can be written explicitly
where the last term (H ξ ) characterizes the environment of a given site in terms of ξ-field. The Green's function
that is calculated by formal averaging with the zero-order Hamiltonian H ξ , determines the coherent potential
The main task in the given approach is to calculate the single-site Green's function
for the problem with the Hamiltonian (6) and defined function G σ . As a result, such a solution gives the relation between the single-site Green's function G σ and coherent potential J σ . In the Hubbard operators representation the creation and annihilation operators are expressed as
where indices and signs are determined as follows
Then, the Hamiltonian of the effective single-site problem reads
We use below the thermodynamic perturbation theory. For this purpose the term that describes the hopping between the given site and environment in (11) is considered as a perturbation (interaction) term H int . The scheme of calculating the Green's function
is based on the Kadanoff and Baym generating functional method [31] applied and developed for the problems with strong particle correlations by Izyumov et al. [35] . To simplify the formulation of the method we consider the limit case U → ∞, when the doubly occupied site is excluded, and the problem is reduced to the calculation of the Green's function G σ0,0σ ≡ T τ X σ0 (τ )X 0σ (τ ) . Let us introduce the time dependent fluctuating fields v γ (τ ) that are conjugated to the quantities described by corresponding bosonic Hubbard operators X γ (γ = 00, σσ, σσ). In that case the partition function is rewritten in the following form
where
The calculation of operator average values (averaging over Gibbs ensemble with Hamiltonian H eff in the presence of fluctuating fields) is performed according to the formula:
The average values of bosonic operators X γ are expressed as functional derivatives with respect to v γ :
where the fields v γ are directed to zero after the differentiation to obtain the operator average values for the system with initial Hamiltonian.
Introducing the generating functional [35] 
we can rewrite the relation (18) in the following form
From the expression for the second-order derivatives
(and the similar ones for the higher-order derivatives) follows a relation between functional derivatives of average values of bosonic X-operators (Green's functions) and the higher order Green's functions on such operators:
Similarly, one can write an arbitrary Green's function of the higher order with bosonic Hubbard operator using functional derivatives:
The last relation makes it possible to obtain a closed set of equations in functional derivatives for the fermionic Green's functions
The obtained solutions give the single-site Green's function G σ0,0σ (τ − τ ) after the transition to the v γ = 0 limit.
Recurrent form of Wick's theorem
Let us consider the procedure of constructing the equations for the Green's function with Xoperators within the framework of thermodynamic perturbation theory. In this case
and Z 0 = Sp e βH0 is the zero-order partition function. Here, when U → ∞, the zero-order Hamiltonian reads
and the interaction (perturbation) term has the form
Time ordered (T τ ) operator averaging can be performed by calculating Gibbs average values with unperturbed Hamiltonian H 0
To calculate average values of time ordered (T τ ) products of X-operators in (29), we use a form of the Wick's theorem formulated in [36] , that can be called its recurrent form. Let us write, in a closed form, the result of the pairing of one selected non-diagonal X-operator with all others
According to [36] , the result of pairing of two selected operators is a product of their commutator (anticommutator, when both operators are of the Fermi-type) and the unperturbed Green's function. In that case
where the alternating (−1) pi multiplier is defined by a number of Fermi-permutations p i of operator X σ0 (τ ) from the starting position to the position directly on the left of the operator that is paired to.
Going back in (31) to the averages with the full (perturbed) Hamiltonian, we have
The similar procedure can be applied to the averages (Green's functions) involving ξ-operators.
If the pairing procedure is started from the operator ξ † σ , then, instead of unperturbed Green's function g σ0 (τ − τ ), the Green's function of auxiliary fermions G σ (τ − τ ) is used and the ξ † σ operator is on the first position in the commutator. Relation (32) can be called a recurrent form of the Wick's theorem. When it is used repeatedly to the averages appearing from the right hand side, the complete structure of the expansion of initial averages in products of unperturbed Green's functions is reproduced. However, the distinction is that the final expressions containing averages of diagonal X-operators that terminate the pairing sequence are calculated with the full Hamiltonian H eff . It is different from using the standard Wick's theorem [36] where such averages are taken over the Gibbs ensemble with the unperturbed Hamiltonian H 0 .
Let us note, that the formula (32) can be interpreted as an equation relating the averages (Green's functions) with the Green's functions of higher order. The same structure of equations is characteristic of the equation of motion approach [31] for the temperature Matsubara Green's functions.
Equations for single-particle Green's function
The relation (32) is applied to the Green's function
For this purpose, we need to calculate the commutators of the Hubbard operator X σ0 with H int +V and anticommutator of operators of Fermi-type X σ0 , X 0η . For example:
. This leads to the appearance of Green's functions such as
which can be expressed using a relation like (32) . Taking into account that
we come to Green's functions with three Hubbard operators, where one operator is of a bosonic type. The Bose-operators are excluded using the functional differentiation (23) . As a result we obtained the following equation for the Green's function G σ0,0η V (τ, τ ): (34) where δ σ,η is a Kronecker delta andv B,A ≡ v,v A,B ≡v.
Let us introduce an inverse Green's function
Accordingly, in frequency representation, it corresponds to
Let us multiply both sides of equation (34) by g −1 σ0 (τ −τ ) and integrate out the free time argument τ . Then, we rewrite the obtained equation in more compact form using matrix representation where the required single-site Green's function has the following form
Introducing a matrix representation for the differentiation operator 
and the inverse unperturbed Green's functions (combined with the linear contributions of the fluctuating field V ):
the equation (34) can be presented in the form
Here, the matrixÂ 0 is a result of the differentiation operatorÂ action on the generating functional Φ V (Â 0 =Â Φ V ). The multiplication of arbitrary two matricesX(τ, τ ) andŶ (τ , τ ) contains integrating out the inner time argument τ :
At the final stage (after exclusion of fluctuating fields v γ (τ )), multiplication (42) corresponds to the product of Fourier's components in the frequency representation.
Irreducible part
We introduce the irreducible partΞ of the single-site Green's functionĜ meaning Larkin irreducibility. Then, the equation (4) can be written in the following form
To obtain an equation definingΞ we use a property of the differentiation
and rewrite the equation (41) in the form of a functional differential equation where the differentiation operatorÂ acts on the inverse Green's function matrix G −1 :
the arrow line points a matrix function operated on by the differentiation operators. Transforming this equation we obtain the equation for the irreducible part:
In explicit form it reads
Equation (46) has the structure that corresponds in the generating functional approach to the similar equations for irreducible parts of Green's functions for models of magnetics or strongly correlated electron systems [32] [33] [34] [35] . Its solution can be sought in the form of a series with summands involving various number ofĴ multipliers.
The iterations generate terms where operatorsÂ from (46) act only on matricesÂ 0 is taken as a zero order function). Another set is formed by summands involving derivatives ofĝ −1 . Therefore, the solution can be presented in the formΞ
where two new matrices are introduced (M andF ), and the mentioned terms with differentiation ofĝ −1 are collected inF . Let us insert (51) into the equation (46). Collecting separately terms of the first and second type, we obtain two equations:
where the notation
is introduced. Iterations in the equation (52) point to a possibility of writing the matrixM aŝ
where the matrixL is determined by the functional equation
Accordingly, the equation (53) is rewritten aŝ
Let us note, that matrixM can be connected with the so-called terminating partΛ of the Green's functionĜ. Let us writeĜ in the form
and introduce the mass operatorΣ according to the equation
In this case the equation for the Green's functionĜ (41) can be split into two equations for the mass operatorΣ and terminating partΛ, as it was done by Izyumov et al. [32] [33] [34] [35] :
Consider the relation between the mass operatorΣ and irreducible partΞ Σ =ĝ
following from the relations (60), (61) and equation (46). Comparing equations (56), (58) and (62), (63), one can see that there exists the correspondence
This makes possible to write the inverse irreducible part of the Green's function aŝ
From here, it is seen thatΛ is also a terminating part of the matrixΞ, and (−F ) has the meaning of a Dyson irreducible part ofΞ. Summarizing, let us note that the equations (46) or (56) and (58) constructed by us allow one to find, respectively, the inverse irreducible partΞ −1 or, separately, its componentsL andF . Direct iteration procedure permits to construct their solutions in the form of functionals ofĜ functions, bosonic correlators and coherent potentialĴ.
Falicov-Kimball model: Green's function of itinerant particles
As an example of the simple application, we consider within the framework of the developed approach the Green's function of itinerant particles in the Falicov-Kimball model as the simplest specific case. This problem can be exactly solved in DMFT and its solution corresponds to the so-called alloy-analogy (AA) approach.
In the case of the Falicov-Kimball model, particles of one sort are localized (J B = 0; in the matrix notationsĴ 11 = 0). To find the Green's function of itinerant particles (corresponding matrix element (Ĝ) 22 ) the irreducible part (Ξ −1 ) 22 should be calculated. The series for (Ξ −1 ) 22 does not contain nonzero terms where the differentiation operatorÂ acts on the zero-order Green's functionĝ:
and, in terms where the operator (Â ) 12 acts on (ĝ −1 ) 12 , either matrix element (Â −1 0 ) 21 orĜ 21 is present that gives a vanishing result when the fluctuating field tends to zero. Thus
and taking into account that when v → 0, the matrixL is diagonal:
To find the functionL, we use a fact that operator X 00 + X AA is an integral of motion in the case
Then, using (23) we obtain the differentiation properties in the 22 subspace (corresponding to itinerant particles):
This makes possible to write the iteration series forL 22 as a sum of geometric progression:
Finally, we get the expression for the Green's function irreducible part for itinerant particles
This expression corresponds to the exact result (see for example [37] [38] [39] ); it is also obtained within the different-time decoupling approach [9, 13, 14] .
Relation of the generating functional approach to other approximations
Let us compare the results of the generating functional approach with other approximate methods of calculating the Green's function of the single-site problem. We consider, in detail, the first iteration in the series for the total irreducible part. When the fluctuating field tends to zero (v α → 0), the expression for (Ξ −1 ) 11 , as it follows from (46), is
while the second derivative of the generating functional with respect to the field v 0B can be represented as a cumulant Green's function:
In the frequency representation
Formula (81) gives a full expression for the inverse irreducible partΞ −1 in the linear, with respect to J σ , approximation.
Comparison with GH3
Basing on the obtained expression forΞ −1 , let us consider some of its possible simplifications. At first, we compare the result (81) of the generating functional approach with the irreducible part Ξ −1 obtained in the GH3 approximation [9] . For this purpose we consider the fermionic and bosonic Green's functions in (81) in the zero approximation:
where λ p(q) are eigenvalues of the unperturbed singe-site Hamiltonian. This approximation allows us to apply the following identity
calculating the product g
and
is the function that in diagram representation corresponds to the loop containing the lines of the coherent potential J A and unperturbed bosonic Green's function g AB oriented in the opposite directions. On the other hand, such a loop appears from different-time decoupling of the Green's function X AB ξ A |ξ † A X BA ω that is contributing to the total irreducible part of the single-site Green's function in the equation of motion approach in the GH3 approximation [9, 14] .
The coherent potential J σ can be written in the Lehmann representation
Using the relation of the (88) type as well as formulae
we obtain the expression for P B in the form of integral over frequency.
Considering the expression for the Green's function
one can see that (96) together with (95) corresponds to the GH3 approximation. The correspondence: P B (ω n ) ↔ −R B (ω);S B ↔ −V A ϕ B (in the notations used in [9] ) takes place.
Extension of JK decoupling to AHM
Our next step is to compare the obtained expression (81) forΞ −1 with the expression that can be found for the single-site problem of AHM within the framework of the equation of motion approach using the decoupling [40] used by Jeschke and Kotliar in the paper [23] . Their scheme for the model with the degeneracy and with the exclusion of the doubly occupied states can be easily extended to the case when µ A = µ B . Following the scheme proposed in [23] for solving the DMFT problem, we obtain (see Appendix)
Let us write the corresponding expression for the irreducible part and linearize it with respect to the coherent potential (J σ ):
We transform the expressions for functions I 1,σ (111) and I 2,σ (112) using the zero approximation for electron Green's function (
) and the scheme described in the previous subsection. As a result we obtain:
In its turn, it leads to the relation
One can see that in this case expressions (98) and (96) coincide. Therefore, the JK decoupling scheme corresponds to the GH3 approximation after the replacement G σ → G σ with respect to J σ,(σ) . Besides, such a scheme corresponds to the linear approximation in the generating functional approach, while in the latter the fermionic and bosonic Green's functions are considered in the zero approximation.
Conclusions
The generating functional approach developed based on the Kadanoff-Baym idea by Izyumov et al. is adapted to solving the single-site problem in the dynamical mean field theory. To construct the equations for Green's functions the recurrent form of Wick's theorem for Hubbard operators is used. This approach is similar to the usual scheme where the equations are constructed using differentiation with respect to the time variable. However, when there are more than one operators with the same time that is differentiated, these methods are different.
Within the framework of the generating functional approach a closed self-consistent equation in functional derivatives is obtained for constructing the irreducible part (self energy, Green's function, etc.). To solve this equation the iterative procedure is used. It is shown that the solution for the irreducible part can be expressed in terms of two functions. These functions are formed by the different types of terms in the iteration series: one function involves the derivatives of linear terms of fluctuating fields which are present in the g −1 function; the other one can be considered as a terminating part of the Green's function (or the irreducible part). As an example, the asymmetric Hubbard model is considered.
The algorithm is given for constructing the inverse irreducible part Ξ −1 σ , σ = {A, B} (or the mass operator F σ and terminating part Λ σ ) in the form of a series in powers of coherent potentials J A , J B . The irreducible part in the approximation linear with respect to J σ is obtained and analysed explicitly. Comparison is performed with the results of other approximations based on the decoupling of the single-site Hubbard operator Green's functions of higher order in equations of motion. It is established that after replacing fermionic and bosonic Green's functions in the expression for Ξ −1 σ by their zero approximations, this expression is reduced to the corresponding expression in the GH3 approximation. Besides, at the similar simplification, the decoupling scheme used by Jeschke and Kotliar for the Hubbard-like models can be also reduced to the GH3 approximation. It should be mentioned, that such a scheme uses the zero-order bosonic Green's functions. Therefore it is also more simple than the generating functional approach formulated in the approximation linear with respect to J σ .
It should be noted that, in the proposed approach, a full closure of equations for the Green's function requires calculation of bosonic Green's functions appearing in the expression for Ξ −1 (see for example (81)). It also can be done within the framework of the generating functional approach, similarly as it was done in [35] using equations of motion with functional derivatives.
A. Decoupling for Anderson impurity model for AHM
In the equation of motion decoupling method proposed by Jeschke and Kotliar [23] , the DMFT single-site problem is interpreted as Anderson impurity model. In this case, when U → ∞, the Hamiltonian of the model readŝ
where σ = A, B; V kσ is the hybridization parameter. Unlike the similar problem for the standard Hubbard model, here E A = E B , ε kA = ε kB , V kA = V kB . To determine the Green's function X 0σ |X σ0 the equation of motion approach is used. At the first stage, the Green's functions (X 00 + X σσ )c kσ |X σ0
and Xσ σ c kσ |X σ0 appear; they are calculated using the equations of motion and differentiating again the left time argument. The Green's functions of higher order appearing at the second stage are decoupled [23] . This procedure leads to the average values c kσ Xσ 0 and c † k σ c kσ that are determined self-consistently. As a result, the initial function X 0σ |X σ0 is determined from the set of equations (ω − λ σ0 ) X 0σ |X 
